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Excitonic properties of strained wurtzite and zinc-blende
GaNÕAlxGa1ÀxN quantum dots

Vladimir A. Fonoberova) and Alexander A. Balandin
Nano-Device Laboratory, Department of Electrical Engineering, University of California–Riverside,
Riverside, California 92521

~Received 10 July 2003; accepted 9 September 2003!

We investigate exciton states theoretically in strained GaN/AlN quantum dots with wurtzite~WZ!
and zinc-blende~ZB! crystal structures, as well as strained WZ GaN/AlGaN quantum dots. We show
that the strain field significantly modifies the conduction- and valence-band edges of GaN quantum
dots. The piezoelectric field is found to govern excitonic properties of WZ GaN/AlN quantum dots,
while it has a smaller effect on WZ GaN/AlGaN, and very little effect on ZB GaN/AlN quantum
dots. As a result, the exciton ground state energy in WZ GaN/AlN quantum dots, with heights larger
than 3 nm, exhibits a redshift with respect to the bulk WZ GaN energy gap. The radiative decay time
of the redshifted transitions is large and increases almost exponentially from 6.6 ns for quantum dots
with height 3 nm to 1100 ns for the quantum dots with height 4.5 nm. In WZ GaN/AlGaN quantum
dots, both the radiative decay time and its increase with quantum-dot height are smaller than those
in WZ GaN/AlN quantum dots. On the other hand, the radiative decay time in ZB GaN/AlN
quantum dots is of the order of 0.3 ns, and is almost independent of the quantum-dot height. Our
results are in good agreement with available experimental data and can be used to optimize GaN
quantum-dot parameters for proposed optoelectronic applications. ©2003 American Institute of
Physics. @DOI: 10.1063/1.1623330#
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I. INTRODUCTION

Recently, GaN quantum dots~QDs! have attracted sig
nificant attention as promising candidates for application
optical, optoelectronic, and electronic devices. Progres
GaN technology has led to many reports on fabrication
characterization of different kinds of GaN QDs.1–8 Molecu-
lar beam epitaxial growth in the Stranski–Krastanov mode
wurtzite ~WZ! GaN/AlN ~Refs. 1 and 2! and
GaN/AlxGa12xN ~Refs. 3 and 4! QDs has been reported
Other types of WZ GaN QDs have been fabricated by pul
laser ablation of pure Ga metal in flowing N2 gas,5 and by
sequential ion implantation of Ga1 and N1 ions into
dielectrics.6 More recently, self-organized growth of zinc
blende~ZB! GaN/AlN QDs has been reported.7,8

Despite the large number of reports on the fabricat
and optical characterization of WZ GaN/AlN an
GaN/AlxGa12xN as well as ZB GaN/AlN QDs, there ha
been a small number of theoretical investigations of el
tronic states and excitonic properties of GaN QDs.9,10 Elec-
tronic states in WZ GaN/AlN QDs have been calculated
Ref. 9 using the plane wave expansion method. In additio
the restrictions imposed by any plane wave expans
method, such as the consideration of only three-dimensio
~3D! periodic structures of coupled QDs and the requirem
of a large number of plane waves for QDs with sharp bou
aries, the model in Ref. 9 assumes equal elastic as we
dielectric constants for both the QD material and the mat
Reference 10 briefly describes a calculation of excito

a!Author to whom correspondence should be addressed; electronic
vladimir@ee.ucr.edu
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properties of several specific types of GaN QDs.
In this article, we present a theoretical model and n

merical approach that allows one to accurately calculate
citonic and optical properties of strained GaN/AlxGa12xN
QDs with WZ and ZB crystal structures. Using a combin
tion of finite difference and finite element methods we ac
rately determine strain, piezoelectric, and Coulomb fields
well as electron and hole states in WZ GaN/AlN a
GaN/AlxGa12xN and ZB GaN/AlN QDs. We take into ac
count the difference in the elastic and dielectric constants
the QD and matrix~barrier! materials. We investigate in de
tail the properties of single GaN QDs of different shap
such as a truncated hexagonal pyramid on a wetting laye
WZ GaN/AlN QDs @see Fig. 1~a!#, a disk for WZ
GaN/AlxGa12xN QDs, and a truncated square pyramid on
wetting layer for ZB GaN/AlN QDs@see Fig. 1~b!#. Our
model allows direct comparison of excitonic properties
different types of GaN QDs with reported experimental da
as well as analysis of the functional dependence of th
properties on QD size.

The article is organized as follows. Sections II–VI re
resent the theory for calculation of excitonic properties
strained QD heterostructures with either WZ or ZB crys
structure. Calculation of strain and piezoelectric fields
described in Secs. II and III, correspondingly. Section
outlines the theory of electron and hole states in strained
heterostructures. The Coulomb potential energy in QD h
erostructures is given in Sec. V. Section VI demonstrate
method to calculate exciton states, oscillator strengths,
radiative decay times. Results of the numerical calculati
for different GaN QDs are given in Sec. VII. Conclusions a
presented in Sec. VIII.
il:
8 © 2003 American Institute of Physics
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II. STRAIN FIELD IN QUANTUM-DOT
HETEROSTRUCTURES

The lattice constants in semiconductor heterostructu
vary with coordinates. This fact leads to the appearance
the elastic energy11

Felastic5E
V
dr (

i j lm

1

2
l i j lm~r !« i j ~r !« lm~r !, ~1!

where« i j is the strain tensor,l i j lm is the tensor of elastic
moduli, V is the total volume of the system, andi j lm run
over the spatial coordinatesx, y, andz. To account for the
lattice mismatch, the strain tensor« i j is represented as12

« i j ~r !5« i j
(u)~r !2« i j

(0)~r !, ~2!

where« i j
(0) is the tensor of local intrinsic strain and« i j

(u) is the
local strain tensor defined by the displacement vectoru as
follows:

« i j
(u)~r !5

1

2 S ]ui~r !

]r j
1

]uj~r !

]r i
D . ~3!

To calculate the strain field@Eqs.~2! and~3!# one has to find
the displacement vectoru~r ! at each point of the system
This can be achieved by imposing boundary conditions
u(r`) at the end pointsr` of the system and minimizing th
elastic energy~1! with respect tou~r !.

A. Zinc-blende quantum dots

In crystals with ZB symmetry, there are only three li
early independent elastic constants:lxxxx5C11, lxxyy

5C12, andlxyxy5C44. Thus, the elastic energy~1! can be
written as

Felastic5
1

2 EV
dr @C11~«xx

2 1«yy
2 1«zz

2 !12C12~«xx«yy

1«xx«zz1«yy«zz!14C44~«xy
2 1«xz

2 1«yz
2 !#. ~4!

Note that all variables under the sign of integral in Eq.~4!
are functions ofr . For ZB QDs embedded into a ZB matri
with lattice constantamatrix, the tensor of local intrinsic
strain is

« i j
(0)~r !5d i j @a~r !2amatrix#/amatrix, ~5!

wherea(r ) takes values of QD lattice constants inside Q
and is equal toamatrix outside the QDs.

FIG. 1. Shapes of WZ GaN/AlN~a! and ZB GaN/AlN~b! QDs.
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B. Wurtzite quantum dots

Following standard notation, it is assumed in the follo
ing that thez axis is the axis of sixfold rotational symmetr
in WZ materials. In crystals with WZ symmetry, there a
five linearly independent elastic constants:lxxxx5C11,
lzzzz5C33, lxxyy5C12, lxxzz5C13, andlxzxz5C44. Thus,
the elastic energy~1! can be written as

Felastic5
1

2 EV
dr @C11~«xx

2 1«yy
2 !1C33«zz

2 12C12«xx«yy

12C13«zz~«xx1«yy!14C44~«xz
2 1«yz

2 !12~C11

2C12!«xy
2 #. ~6!

Note that all variables in the integrand of Eq.~6! are func-
tions of r . For WZ QDs embedded in a WZ matrix wit
lattice constantsamatrix andcmatrix, the tensor of local intrin-
sic strain is

« i j
(0)~r !5~d i j 2d izd jz!@a~r !2amatrix#/amatrix

1d izd jz@c~r !2cmatrix#/cmatrix, ~7!

wherea(r ) andc(r ) take values of the QD lattice constan
inside the QDs and are equal toamatrix and cmatrix, respec-
tively, outside the QDs.

III. PIEZOELECTRIC FIELD IN QUANTUM-DOT
HETEROSTRUCTURES

Under an applied stress, some semiconductors dev
an electric moment whose magnitude is proportional to
stress. The strain-induced polarizationPstraincan be related to
the strain tensor« lm using the piezoelectric coefficientseilm

as follows:

Pi
strain~r !5(

lm
eilm~r !« lm~r !, ~8!

where the indicesi lm run over the spatial coordinatesx, y,
and z. Converting from tensor notation to matrix notatio
Eq. ~8! can be written as

Pi
strain~r !5 (

k51

6

eik~r !«k~r !, ~9!

where

$«xx ,«yy ,«zz,~«yz ,«zy!,~«xz ,«zx!,~«xy ,«yx!%

[$«1 ,«2 ,«3 ,«4 ,«5 ,«6%

and

eilm5H eik , k51,2,3,

1
2 eik , k54,5,6.

~10!

WZ nitrides also exhibit spontaneous polarization,Pspont,
with polarity specified by the terminating anion or cation
the surface. The total polarization,

P~r !5Pstrain~r !1Pspont~r !, ~11!
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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leads to the appearance of an electrostatic piezoelectric
tential,Vp . In the absence of external charges, the piezoe
tric potential is found by solving the Maxwell equation:

¹•D~r !50, ~12!

where the displacement vectorD in the system is

D~r !52 «̂stat~r !¹Vp~r !14pP~r !. ~13!

In Eq. ~13! «̂stat is the static dielectric tensor andP~r ! is
given by Eq.~11!.

A. Zinc-blende quantum dots

In crystals with ZB symmetry, only off-diagonal terms o
the strain tensor give rise to the polarization. In compon
form,

Px5e14«yz ,

Py5e14«xz , ~14!

Pz5e14«xy ,

where e14 is the only independent piezoelectric coefficie
that survives, due to the ZB symmetry. The dielectric ten
in ZB materials reduces to a constant:

«̂stat5S «stat 0 0

0 «stat 0

0 0 «stat

D . ~15!

B. Wurtzite quantum dots

Self-assembled WZ QDs usually grow along thez axis.
In this case, only thez component of the spontaneous pola
ization is nonzero:Pz

spont[Psp, wherePsp is a specific con-
stant for each material in a QD heterostructure. In crys
with WZ symmetry, the three distinct piezoelectric coef
cients aree15, e31, ande33. Thus, the polarization is given
in component form by

Px5e15«xz ,

Py5e15«yz , ~16!

Pz5e31~«xx1«yy!1e33«zz1Psp.

As seen from Eq.~16!, both diagonal and off-diagonal term
of the strain tensor generate a built-in field in WZ QDs. T
dielectric tensor in WZ materials has the following form:

«̂stat5S «stat
' 0 0

0 «stat
' 0

0 0 «stat
i
D . ~17!

IV. ELECTRON AND HOLE STATES IN STRAINED
QUANTUM-DOT HETEROSTRUCTURES

Since both GaN and AlN have large band gaps~see
Table I!, we neglect coupling between the conduction a
valence bands and consider separate one-band electron
six-band hole Hamiltonians.2,7,13–18We also use proper op
erator ordering in the multiband Hamiltonians, as is essen
for an accurate description of QD heterostructures.19,20
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Electron states are eigenstates of the one-band enve
function equation:

ĤeCe5EeCe , ~18!

where Ĥe , Ce , and Ee are the electron Hamiltonian, th
envelope wave function, and the energy, respectively. E
electron energy level is twofold degenerate with respec
spin. The two microscopic electron wave functions cor
sponding to an eigenenergyEe are

ce5CeuS&u↑&,
~19!

ce5CeuS&u↓&,

whereuS& is the Bloch function of the conduction band an
u↑&,u↓& are electron spin functions. The electron Hamiltoni
Ĥe can be written as

TABLE I. Parameters of WZ GaN, WZ AlN, ZB GaN, and ZB AlN. Param
eters, for which the source is not indicated explicitly, are taken from Ref.
VBO is the valence-band offset.

Parameters WZ GaN WZ AlN Parameters ZB GaN ZB AlN

a ~nm! 3.189 3.112 a ~nm! 4.50 4.38
c ~nm! 5.185 4.982 Eg ~eV! 3.26e 4.9
Eg ~eV! 3.475a 6.23 Dso ~eV! 0.017 0.019
Dcr ~eV! 0.019 20.164 me 0.15 0.25
Dso ~eV! 0.014 0.019 g1 2.67 1.92
me

i 0.20 0.28 g2 0.75 0.47
me

' 0.20 0.32 g3 1.10 0.85
A1 26.56 23.95 EP ~eV! 25.0 27.1
A2 20.91 20.27 VBO ~eV! 0 20.8
A3 5.65 3.68 ac ~eV! 22.2 26.0
A4 22.83 21.84 av ~eV! 25.2 23.4
A5 23.13 21.95 b ~eV! 22.2 21.9
A6 24.86 22.91 d ~eV! 23.4 210
EP ~eV! 14.0 14.5 C11 ~GPa! 293 304
VBO ~eV! 0 20.8 C12 ~GPa! 159 160
ac

i ~eV! 29.5 212.0 C44 ~GPa! 155 193
ac

' ~eV! 28.2 25.4 e14 (C/m2) 0.50f 0.59f

D1 ~eV! 23.0 23.0 «stat 9.7g 9.7g

D2 ~eV! 3.6 3.6 «opt 5.3g 5.3g

D3 ~eV! 8.82 9.6 n 2.29d

D4 ~eV! 24.41 24.8
D5 ~eV! 24.0 24.0
D6 ~eV! 25.1 25.1
C11 ~GPa! 390 396
C12 ~GPa! 145 137
C13 ~GPa! 106 108
C33 ~GPa! 398 373
C44 ~GPa! 105 116
e15 (C/m2) 20.49b 20.60b

e31 (C/m2) 20.49b 20.60b

e33 (C/m2) 0.73b 1.46b

Psp (C/m2) 20.029b 20.081b

«stat
i 10.01c 8.57c

«stat
' 9.28c 8.67c

«opt 5.29c 4.68c

n 2.29d

aReference 2.
bReference 17.
cReference 18.
dReference 16.
eReference 7.
fReference 14.
gReference 15.
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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Ĥe5ĤS~re!1He
(«)~re!1Ec~re!1eVp~re!, ~20!

whereĤS is the kinetic part of the microscopic Hamiltonia
unit cell averaged by the Bloch functionuS&,He

(«) is the
strain-dependent part of the electron Hamiltonian,Ec is the
energy of unstrained conduction-band edge,e is the absolute
value of electron charge, andVp is the piezoelectric poten
tial.

Hole states are eigenstates of the six-band envelo
function equation:

ĤhCh5EhCh , ~21!

whereĤh is the 636 matrix of the hole Hamiltonian,Ch is
the six-component column of the hole envelope wave fu
tion, andEh is the hole energy. The microscopic hole wa
function corresponding to an eigenenergyEh is

ch5~ uX&u↑&,uY&u↑&,uZ&u↑&,uX&u↓&,uY&u↓&,uZ&u↓&)•Ch ,
~22!

where uX&, uY&, and uZ& are Bloch function of the valenc
band andu↑&,u↓& are spin functions of the missing electro
The hole HamiltonianĤh can be written as

Ĥh5S ĤXYZ~rh!1Hh
(«)~rh! 0

0 ĤXYZ~rh!1Hh
(«)~rh!D

1Ev~rh!1eVp~rh!1Hso~rh!. ~23!

ĤXYZ is a 333 matrix of the kinetic part of the microscopi
Hamiltonian, unit cell averaged by the Bloch functionsuX&,
uY&, and uZ& ~the crystal-field splitting is also included i
ĤXYZ for WZ QDs!. Hh

(«) is a 333 matrix of the strain-
dependent part of the hole Hamiltonian,Ev is the energy of
the unstrained valence-band edge,e is the absolute value o
Downloaded 10 Nov 2003 to 138.23.170.109. Redistribution subject to A
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the electron charge, andVp is the piezoelectric potential. Th
last term in Eq. ~23! is the Hamiltonian of spin-orbit
interaction:19

Hso~r !

5
Dso~r !

3 S 21 2 i 0 0 0 1

i 21 0 0 0 2 i

0 0 21 21 i 0

0 0 21 21 i 0

0 0 2 i 2 i 21 0

1 i 0 0 0 21,

D
~24!

whereDso is the spin-orbit splitting energy.

A. Zinc-blende quantum dots

For ZB QDs, the first term in the electron Hamiltonia
~20! has the form

ĤS~r !5
\2

2m0
k̂

1

me~r !
k̂, ~25!

where\ is Planck’s constant,m0 is the free-electron mass
k̂52 i¹ is the wave vector operator, andme is the electron
effective mass in units ofm0 . The strain-dependent part o
the electron Hamiltonian~20! is

He
(«)~r !5ac~r !@«xx~r !1«yy~r !1«zz~r !#, ~26!

whereac is the conduction-band deformation potential a
« i j is the strain tensor.

The matrixĤXYZ entering the hole Hamiltonian~23! is
given by19
that all
ĤXYZ52
\2

2m0 S k̂xb l k̂x1 k̂x
'bhk̂x

' 3~ k̂xg3
1k̂y1 k̂yg3

2k̂x! 3~ k̂xg3
1k̂z1 k̂zg3

2k̂x!

3~ k̂xg3
2k̂y1 k̂yg3

1k̂x! k̂yb l k̂y1 k̂y
'bhk̂y

' 3~ k̂yg3
1k̂z1 k̂zg3

2k̂y!

3~ k̂xg3
2k̂z1 k̂zg3

1k̂x! 3~ k̂yg3
2k̂z1 k̂zg3

1k̂y! k̂zb l k̂z1 k̂z
'bhk̂z

' D , ~27!

wherek̂ i
'5 k̂2 k̂ i ( i 5x,y,z),

b l5g114g2 , bh5g122g2 ,
~28!

g3
15~2g216g32g121!/3, g3

25~22g21g111!/3.

In Eq. ~28!, g1 , g2 , andg3 are the Luttinger–Kohn parameters of the valence band. The strain-dependent part,Hh
(«) , of the

hole Hamiltonian~23! can be written as21

Hh
(«)52av~«xx1«yy1«zz!1S b~2«xx2«yy2«zz! )d«xy )d«xz

)d«xy b~2«yy2«xx2«zz! )d«yz

)d«xz )d«yz b~2«zz2«xx2«yy!
D , ~29!

where av , b, and d are the hydrostatic and two shear valence-band deformation potentials, respectively. Note
parameters in Eqs.~27! and ~29! are coordinate dependent for QD heterostructures.
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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B. Wurtzite quantum dots

For WZ QDs, the first term in the electron Hamiltonian~20! has the form

ĤS~r !5
\2

2m0
S k̂z

1

me
i
~r !

k̂z1 k̂z
'

1

me
'~r !

k̂z
'D , ~30!

whereme
i and me

' are electron effective masses in units ofm0 and k̂z
'5 k̂2 k̂z . The strain-dependent part of the electr

Hamiltonian~20! is

He
(«)~r !5ac

i
~r !«zz~r !1ac

'~r !@«xx~r !1«yy~r !#, ~31!

whereac
i andac

' are conduction-band deformation potentials.
The matrixĤXYZ entering the hole Hamiltonian~23! is given by20

ĤXYZ5
\2

2m0 S k̂xL1k̂x1 k̂yM1k̂y1 k̂zM2k̂z k̂xN1k̂y1 k̂yN18k̂x k̂xN2k̂z1 k̂zN28k̂x

k̂yN1k̂x1 k̂xN18k̂y k̂xM1k̂x1 k̂yL1k̂y1 k̂zM2k̂z k̂yN2k̂z1 k̂zN28k̂y

k̂zN2k̂x1 k̂xN28k̂z k̂zN2k̂y1 k̂yN28k̂z k̂xM3k̂x1 k̂yM3k̂y1 k̂zL2k̂z2dcr

D , ~32!

where

L15A21A41A5 , L25A1 ,

M15A21A42A5 , M25A11A3 , M35A2 ,
~33!N153A52~A21A4!11, N1852A51A21A421,

N2512~A11A3!1&A6 , N285A11A321,

dcr52m0Dcr /\
2.

In Eq. ~33!, Ak (k51,...6) are Rashba–Sheka–Pikus parameters of the valence band andDcr is the crystal-field splitting
energy. The strain-dependent partHh

(«) of the hole Hamiltonian~23! can be written as20

Hh
(«)5S l 1«xx1m1«yy1m2«zz n1«xy n2«xz

n1«xy m1«xx1 l 1«yy1m2«zz n2«yz

n2«xz n2«yz m3~«xx1«yy!1 l 2«zz
D , ~34!
n

ys

-

s

e
en
cal
n
eo-

a

als.
Ds
rder
where

l 15D21D41D5 , l 25D1 ,

m15D21D42D5 , m25D11D3 , m35D2 , ~35!

n152D5 , n25&D6 .

In Eq. ~35!, Dk (k51,...,6) are valence-band deformatio
potentials. Note that all parameters in Eqs.~32! and~34! are
coordinate dependent for QD heterostructures.

V. COULOMB POTENTIAL ENERGY
IN QUANTUM-DOT HETEROSTRUCTURES

The Coulomb potential energy of the electron–hole s
tem in a QD heterostructure is22

U~re ,rh!5U int~re ,rh!1Us-a~re!1Us-a~rh!. ~36!

In Eq. ~36!, U int(re ,rh) is the electron–hole interaction en
ergy, which is the solution of the Poisson equation:

¹rh
@«opt~rh!¹rh

U int~re ,rh!#5
e2

«0
d~re2rh!, ~37!
Downloaded 10 Nov 2003 to 138.23.170.109. Redistribution subject to A
-

where«opt is the optical dielectric constant,«0 is the permit-
tivity of free space, andd is the Dirac delta function. The
second and third terms on the right-hand side of Eq.~36! are
the electron and hole self-interaction energies, defined a

Us-a~r !52 1
2 lim

r8→r

@U int~r ,r 8!2U int
bulk~r ,r 8!#, ~38!

whereU int
bulk(r ,r 8) is the local bulk solution of Eq.~37!, i.e.,

U int
bulk~r ,r 8!52

e2

4p«0«opt~r !ur2r 8u
. ~39!

It should be pointed out that an infinite discontinuity in th
self-interaction energy~38! arises at the boundaries betwe
different materials of the heterostructure, when the opti
dielectric constant«opt(r ) changes abruptly from its value i
one material to its value in the adjacent material. This th
retical difficulty can be overcome easily by considering
transitional layer between the two materials, where«opt(r )
changes gradually between its values in different materi
The thickness of the transitional layer in self-assembled Q
depends on the growth parameters and is usually of the o
of 1 ML.
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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VI. EXCITON STATES, OSCILLATOR STRENGTHS,
AND RADIATIVE DECAY TIMES

In the strong confinement regime, the exciton wa
function cexc can be approximated by the wave function
the electron–hole pair:

cexc~re ,rh!5ce* ~re!ch~rh!, ~40!

and the exciton energyEexc can be calculated considering th
Coulomb potential energy~36! as a perturbation:

Eexc5Ee2Eh1E
V
dreE

V
drhU~re ,rh!ucexc~re ,rh!u2.

~41!

The electron and hole wave functionsce andch in Eq. ~40!
are given by Eqs.~19! and~22!, correspondingly. In Eq.~41!,
Ee andEh are electron and hole energies, andV is the total
volume of the system.

The oscillator strengthf of the exciton@Eqs. ~40! and
~41!# can be calculated as

f 5
2\2

m0Eexc
(
a

U E
V
drce* ~r !~e,k̂!ch

(a)~r !U2

, ~42!

wheree is the polarization of incident light,k̂52 i¹ is the
wave vector operator, anda denotes different hole wav
functions corresponding to the same degenerate hole en
level Eh . To calculate the oscillator strengthf the integral
over the volumeV in Eq. ~42! should be represented as
sum of integrals over unit cells contained in the volumeV.
When integrating over the volume of each unit cell, envelo
wave functionsCe and Ch are treated as specific for eac
unit cell constant. In this case, each integral over the volu
of a unit cell is proportional to the constant:

^Suk̂i uI &5d i ,I Am0EP

2\2 , ~43!

which is equal for each unit cell of the same material. In E
~43! i ,I 5X,Y,Z; d i ,I is the Kronecker delta symbol; andEP

is the Kane energy.
The oscillator strengthf not only defines the strength o

absorption lines, but also relates to the radiative decay t
t:23

t5
2p«0m0c3\2

ne2Eexc
2 f

, ~44!

where«0 , m0 , c, \, and e are fundamental physical con
stants with their usual meaning andn is the refractive index.

VII. RESULTS OF THE CALCULATION FOR
DIFFERENT GaNÕAlN QUANTUM DOTS

The theory described in Secs. II–VI is applied in th
section to describe excitonic properties of strained WZ a
ZB GaN/AlN and WZ GaN/Al0.15Ga0.85N QDs. We consider
the following three kinds of single GaN QDs with variab
QD heightH: ~i! WZ GaN/AlN QDs@see Fig. 1~a!# with the
thickness of the wetting layerw50.5 nm, QD bottom diam-
eterDB55(H2w), and QD top diameterDT5H2w;1,2 ~ii !
ZB GaN/AlN QDs@see Fig. 1~b!# with w50.5 nm, QD bot-
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tom base lengthDB510(H2w), and QD top base length
DT58.6(H2w);7,8 ~iii ! disk-shaped WZ GaN/Al0.15Ga0.85N
QDs with w50 and QD diameterD53H.3,4 Material pa-
rameters used in our calculations are listed in Table I
linear interpolation is used to find the material parameters
WZ Al0.15Ga0.85N from the material parameters of WZ Ga
and WZ AlN.

It should be pointed out that WZ GaN/AlN and ZB GaN
AlN QDs are grown as 3D arrays of GaN QDs in the Al
matrix,1,2,5,6 while WZ GaN/AlxGa12xN QDs are grown as
uncapped two-dimensional~2D! arrays of GaN QDs on the
Al xGa12xN layer.3,4 While the distance between GaN QDs
a plane perpendicular to the growth direction is sufficien
large and should not influence optical properties of the s
tem, the distance between GaN QDs along the growth di
tion can be made rather small. In the latter case, a vert
correlation is observed between GaN QDs, which can a
affect the optical properties of the system. The theory
scribed in Secs. II–VI can be directly applied to descri
vertically correlated WZ GaN/AlN and ZB GaN/AlN QDs
Since we are mainly interested in the properties of excit
in the ground and lowest excited states, here, we cons
single GaN QDs in the AlN matrix. Within our model, un
capped GaN QDs on the AlxGa12xN layer can be considere
as easily as GaN QDs in the AlxGa12xN matrix. In the fol-
lowing we consider GaN QDs in the AlxGa12xN matrix to
facilitate comparison with WZ GaN/AlN and ZB GaN/AlN
QDs.

The strain tensor in WZ and ZB GaN/AlN and W
GaN/Al0.15Ga0.85N QDs has been calculated by minimizin
the elastic energy given by Eq.~4! for WZ QDs and the one
given by Eq.~6! for ZB QDs with respect to the displace
ment vectoru~r !. We have carried out the numerical minim
zation of the elastic energyFelastic by first, employing the
finite-element method to evaluate the integralsFelastic as a
function of ui(r n), wherei 5x,y,z andn numbers our finite
elements; second, transforming our extremum problem t
system of linear equations]Felastic/]ui(r n)50; and third,
solving the obtained system of linear equations with
boundary conditions thatu~r ! vanishes sufficiently far from
the QD.

Using the calculated strain tensor, we compute the pie
electric potential for WZ and ZB GaN/AlN and WZ
GaN/Al0.15Ga0.85N QDs by solving the Maxwell equation
@Eqs. ~12! and ~13!# with the help of the finite-difference
method. Figures 2~a! and 2~b! show the piezoelectric poten
tial in WZ and ZB GaN/AlN QDs with height 3 nm, corre
spondingly. It is seen that the magnitude of the piezoelec
potential in a WZ GaN/AlN QD is about ten times its ma
nitude in a ZB GaN/AlN QD. Moreover, the piezoelectr
potential in the WZ QD has maxima near the QD top a
bottom, while the maxima of the piezoelectric potential
the ZB QD lie outside the QD. The above facts explain w
the piezoelectric field has a strong effect on the excito
properties of WZ GaN/AlN QDs, while it has very little ef
fect on those in ZB GaN/AlN QDs.

Both strain and piezoelectric fields modify bu
conduction- and valence-band edges of GaN QDs@see Eqs.
~20! and ~23!#. As seen from Figs. 3~a! and 3~b!, the piezo-
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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electric potential in a WZ GaN/AlN QD tilts conduction- an
valence-band edges along thez axis in such a way that i
becomes energetically favorable for the electron to be
cated near the QD top and for the hole to be located in
wetting layer, near to the QD bottom. On the other hand,
seen from Figs. 4~a! and 4~b! that the deformation potentia
in a ZB GaN/AlN QD bends the valence-band edge in thexy
plane in such a way that it creates a parabolic-like poten
well that expels the hole from the QD side edges. Figure
and 4 also show that the strain field pulls conduction a
valence bands apart and significantly splits the valence-b
edge.

Using the strain tensor and piezoelectric potential, el
tron and hole states have been calculated following Sec
We have used the finite-difference method similar to tha
Ref. 22 to find the lowest eigenstates of the elect
envelope-function Eq.~18! and the hole envelope-functio
Eq. ~21!. The spin-orbit splitting energy in GaN and AlN i
very small~see Table I!; therefore, we follow the usual prac
tice of neglecting it in the calculation of hole states in Ga
QDs.9 Figure 5 presents four lowest electron states in W
and ZB GaN/AlN QDs with height 3 nm. Recalling th
conduction-band edge profiles~see Figs. 3 and 4!, it becomes
clear why the electron in the WZ GaN/AlN QD is pushed

FIG. 2. Piezoelectric potential in WZ GaN/AlN~a! and ZB GaN/AlN ~b!
QDs with height 3 nm. Light and dark surfaces represent positive and n
tive values of the piezoelectric potential, correspondingly.

FIG. 3. Conduction- and valence-band edges along thez axis ~a! and along
thex axis ~b! for WZ GaN/AlN QD with height 3 nm~solid lines!. Valence-
band edge is split due to the strain and crystal fields. Dashed-dotted
show the conduction- and valence-band edges in the absence of strai
piezoelectric fields. Gray dashed lines show positions of electron and
ground state energies.
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the QD top, while the electron in the ZB GaN/AlN QD i
distributed over the entire QD. The behavior of the four lo
est hole states in WZ and ZB GaN/AlN QDs with height
nm ~see Fig. 6! can be also predicted by looking at th
valence-band edge profiles shown in Figs. 3 and 4. Nam
the hole in the WZ GaN/AlN QD is pushed into the wettin
layer and is located near the QD bottom, while the hole
the ZB GaN/AlN QD is expelled from the QD side edge
Due to the symmetry of QDs considered in this article, t
hole ground state energy is twofold degenerate, when
degeneracy by spin is not taken into account.

Both piezoelectric and strain fields are about seven tim
weaker in the WZ GaN/Al0.15Ga0.85N QD than they are in the
WZ GaN/AlN QD. Therefore, conduction- and valence-ba

a-

es
and
le

FIG. 4. Conduction- and valence-band edges along thez axis ~a! and along
thex axis ~b! for ZB GaN/AlN QD with height 3 nm~solid lines!. Valence-
band edge is split due to the strain field. Dashed-dotted lines show
conduction and valence-band edges in the absence of strain field.
dashed lines show positions of electron and hole ground state energie

FIG. 5. Isosurfaces of probability densityuceu25r for the four lowest elec-
tron states in WZ GaN/AlN~left panel! and ZB GaN/AlN~right panel! QDs
with height 3 nm.r is defined from the equation*Vuce(r )u2u@ uce(r )u2

2r#dr50.8, whereu is the Heaviside theta function. Energies of the ele
tron states in the WZ QD areE153.752 eV, E253.921 eV, E3

53.962 eV, andE454.074 eV. Energies of the electron states in the Z
QD areE153.523 eV,E25E353.540 eV, andE453.556 eV.
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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edges in WZ GaN/Al0.15Ga0.85N QDs do not differ signifi-
cantly from their bulk positions and the electron and h
states are governed mainly by quantum confinement.

In the following we consider excitonic properties of W
GaN/AlN, ZB GaN/AlN, and WZ GaN/Al0.15Ga0.85N QDs as
a function of QD height. Figure 7 shows electron and h
ground state energy levels in the three QDs. It is seen tha
difference between the electron and hole energy levels
creases rapidly with increasing the QD height for WZ Ga
AlN QDs, unlike in two other kinds of QDs where the d
crease is slower. The rapid decreasing of the electron–
energy difference for WZ GaN/AlN QDs is explained by th
fact that the magnitude of the piezoelectric potential
creases linearly with increasing the QD height.

The exciton energy has been calculated using Eq.~41!,
where the Coulomb potential energy~36! has been compute
with the help of a finite-difference method. Figure 8 sho
exciton ground state energy levels as a function of QD he
for the three kinds of GaN QDs. Filled triangles, fille
circles, and empty triangles show experimental points fr
Refs. 2, 4, and 8, correspondingly. Figure 8 shows fair ag
ment between calculated exciton ground state energies
experimental data. It is seen that for WZ GaN/AlN QD
higher than 3 nm, the exciton ground state energy drops
low the bulk WZ GaN energy gap. Such a huge redshift
the exciton ground state energy with respect to the bulk
GaN energy gap is attributed to the strong piezoelectric fi
in WZ GaN/AlN QDs. Due to the lower strength of the p
ezoelectric field in WZ GaN/Al0.15Ga0.85N QDs, the exciton
ground state energy in these QDs becomes equal to the

FIG. 6. Isosurfaces of probability densityuchu25r for the four lowest hole
states in WZ GaN/AlN~left panel! and ZB GaN/AlN~right panel! QDs with
height 3 nm.r is defined from the equation*Vuch(r )u2u@ uch(r )u22r#dr
50.8, whereu is the Heaviside theta function. Energies of the hole state
the WZ QD areE15E250.185 eV,E350.171 eV, andE450.156 eV. En-
ergies of the hole states in the ZB QD areE15E2520.202 eV, E35
20.203 eV, andE4520.211 eV.
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WZ GaN energy gap only for a QD with height 4.5 nm. Th
piezoelectric field in ZB GaN/AlN QDs cannot significant
modify conduction- and valence-band edges, therefore,
behavior of the exciton ground state energy with increas
QD height is mainly determined by the deformation poten
and confinement.

Figures 5 and 6 show that the electron and hole are s
tially separated in WZ GaN/AlN QDs. This fact leads to ve
small oscillator strength~42! in those QDs. On the othe
hand, the charges are not separated in ZB GaN/AlN Q
resulting in a large oscillator strength. An important physic
quantity, the radiative decay time~44! is inversely propor-
tional to the oscillator strength. Calculated radiative dec
times of excitonic ground state transitions in the three kin
of GaN QDs are plotted in Fig. 9 as a function of QD heig
The amplitude of the piezoelectric potential in WZ GaN/Al
and GaN/Al0.15Ga0.85N QDs increases with increasing th
QD height. Therefore, the electron–hole separation also
creases, the oscillator strength decreases, and the rad
decay time increases. Figure 9 shows that the radiative de
time of the redshifted transitions in WZ GaN/AlN QDs (H
.3 nm) is large and increases almost exponentially from
ns for QDs with height 3 nm to 1100 ns for QDs with heig

n

FIG. 7. Electron and hole ground state energy levels as a function of
height for three kinds of GaN QDs. Electron and hole energies in W
GaN/Al0.15Ga0.85N QDs are shown only for those QD heights that allow
least one discrete energy level.

FIG. 8. Exciton ground state energy levels as a function of QD height
three kinds of GaN QDs. Exciton energy in WZ GaN/Al0.15Ga0.85N QDs is
shown only for those QD heights that allow both electron and hole disc
energy levels. Dashed-dotted lines indicate bulk energy gaps of WZ G
and ZB GaN. Filled triangles represent experimental points of Widm
et al. ~Ref. 2!; empty triangle is an experimental point of Daudinet al. ~Ref.
8!; and filled circle is an experimental point of Ramvalet al. ~Ref. 4!.
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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4.5 nm. In WZ GaN/Al0.15Ga0.85N QDs, the radiative decay
time and its increase with QD height are much smaller th
those in WZ GaN/AlN QDs. The radiative decay time in Z
GaN/AlN QDs is found to be of order 0.3 ns and almo
independent of QD height. Filled and empty triangles in F
9 represent experimental points of Ref. 24, which appea
be in good agreement with our calculations.

VIII. CONCLUSIONS

We have theoretically investigated the electron, hole,
exciton states, as well as radiative decay times for WZ G
AlN, ZB GaN/AlN, and WZ GaN/Al0.15Ga0.85N quantum
dots. Our multiband model has yielded excitonic energ
and radiative decay times that agree very well with availa
experimental data for all considered GaN QDs. A long rad
tive decay time in WZ GaN/AlN quantum dots is undesirab
for such optoelectronic applications as light-emitting diod
At the same time, we have shown that at least two ot
kinds of GaN quantum dots, such as ZB GaN/AlN and W
GaN/Al0.15Ga0.85N QDs, have much smaller radiative dec
times for the same QD height. It has been also demonstr
that a strong piezoelectric field characteristic for WZ Ga
AlN QDs can be used as an additional tuning parameter
the optical response of such structures. The good agree
of our calculations with the experimental data indicates t
our theoretical and numerical models can be applied to st
excitonic properties of strained WZ and ZB QD heterostr
tures.
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